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In the classical world one can construct two identical systems which have identical behavior and 
give identical measurement results. We show this to be impossible in the quantum domain. We 
prove that after the same quantum measurement two different quantum systems cannot yield always 
identical results, provided the possible measurement results belong to a non orthogonal set. This is 
interpreted as quantum uniqueness — a quantum feature which has no classical analog. Its tight 
relation with objective randomness of quantum measurements is discussed. 



One of the most amazing aspects of quantum theory is the prediction of phenomena which do not exist in the 
classical world. In the area of quantum information, the well-known examples are the special superposition states 
^ ' called entangled states , the violation of Bell's inequality [1, [1] , teleportation Q , the "no-cloning" theorem 0, Q , 
etc. Initially they appeared as purely theoretical issues, but later found important applications, e.g. in cryptography 



and computation [9l-ll2l|. 



i-C ' The "no-cloning" theorem refers to creating a copy of a system having the identical wavefunction as the original. 
In general, when the system to be copied is in an unknown state out of a non orthogonal set, it is not possible to 
(— ( , create its perfect copy. However, under the restriction, that the system is in a fully known state or belongs to a known 
' orthogonal set, the second system can be created in an identical state — a perfect clone. 

In this work, we are asking a question which goes beyond the "no-cloning" issue: is it possible that two systems 
are absolutely identical to each other with respect to their possible measurements results? Can the results of two 
identical quantum measurements of two quantum systems coincide universally? In other words, can a perfect clone be 
^ . a perfect copy? Following everyday experience, we say that systems A and B are perfect copies of each other if there 
CN| ] is no difference between them, i.e. both systems have absolutely the same properties and show absolutely the same 
• manifestations. Particularly, identical measurements of systems A and B must yield identical results. Otherwise, if 
I : for a given system A there is no such perfect copy B, then we say that the system A is unique. In the classical world 
\ the behavior of systems can be described by deterministic laws. Two classical systems with the same parameters, 
■ same initial conditions and governed by the same dynamics are absolutely identical to each other. Thus the existence 
. of a perfect copy is possible in principle, and therefore classical systems are not unique. 
" , [ ' It is important to note, that we do not refer to the uniqueness of a quantum state itself or any other internal 
^ ■ mathematical structure of the systems, but to the uniqueness of the system including the external characteristics 
, which can be objectively measured. Indeed, to predict the result of a measurement of a system A, one needs another 
\—^ ' system B (an oracle), which must give the same result as the system A. The system B can be a real physical system, 
. t or a simulator such as a classical or a quantum computer, or even an abstract mathematical model. The only condition 
is that it has to follow the initial system A perfectly. With respect to the measurement it means that, without loss of 
generality, system B has to belong to an equivalent Hilbert space, and identical measurements should yield the same 
physical parameters as A. But as we demonstrate in this paper, the perfect copy of any quantum system does not 
exist even in principle, thus all quantum systems are unique. 

The gene ralized quantum measurement is described by a positive operator-valued measure (POVM) {E{i)}, 1 = 
J2 -^(*) To quantify a possible discrepancy between the measurement outcomes, let us consider the divergence 
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C'AB = i^(^AW®is-U®^S«)'. (1) 



The mean value Cab = T^t^[pabCab] of this operator reflects a possible difference of two alternatives: one measures 
the system A and keeps the system B undisturbed (EA{i) €5 Is) and vice versa, one measures the system B and keeps 
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the system A undisturbed (1^ (8) EB{i))- Then one takes the squared difference of these alternatives summing it over 
the measurement basis If the mean value of ([1]) is equal to zero, then we can say the systems being in the 

joint state pab are identical to each other with respect to the given measurement {E{i)}. Otherwise, we can use the 
mean value of ^ to quantify the difference between the systems A and B. 

As the ultimate case of measurement involving all possible outcomes, let us consider an isotropic continuous POVM 
1 = § E{(t))dv which equally takes into account all states of the given Hilbert space. Here the elements of POVM are 
E{(j)) = and dv is the differential volume of the Hilbert space. Then the divergence operator ^ turns to [3l 

CAB^\<j> {Ea{4>) ®Ib-Ia® EB{(i})f dv. (2) 

In order to calculate 0, we need to specify the exact representation of a vector |(/)) in the D-dimensional Hilbert 
space and find the differential volume du of the parameter space corresponding to this representation. 

To characterize a quantum state in the Z?-dimensional Hilbert space we need to fix 2D — 2 real parameters: 2D 
parameters for an arbitrary vector minus 2 parameters (the fixed norm and the overall phase) . These parameters can 
be written as the generalized polar and azimuthal angles 

= (0i,6'2,...,0D-i,V3i,V32,---,V'r'-i)- (3) 
For any D > 2 the natural representation of a state vector \(p) in the Z?-dimensional Hilbert space is 

(D-2 D-l \ 

cos6li, e"^'sm9iCOs92,..., e'^"-^ W sin6'fc cos6l£,_i, e^'^^-i ]J sin^fc J , (4) 
k=l k=l ) 

which is similar to the Bloch vector representation for the case D = 2 [17] . The differential volume in the Z)-dimensional 
Hilbert space is 



dv — 



dx 



ni 

fc=i 



where f is a vector of parameters ([3]) and a; is a Cartesian projection of the vector (|4]). The differential volume du 
is normalized to the dimension of the Hilbert space D: §dv = D, where we integrate over all 9k G [0, 7r/2) and 
ipk e [0,27r). 

After the direct calculations of the integral ^ we have a simple expression: 

Cab=P+ + §^P-, (6) 

where P"*" and P~ are projectors onto symmetric and antisymmetric subspaces of the joint Hilbert space Ha ® Hb- 
In the case when the dimension of the Hilbert space of one subsystem is equal to a power of 2, these projectors can be 
represented as a sum over all D{D + l)/2 maximally entangled symmetric states and over all D{D — l)/2 maximally 



entangled antisymmetric states, which form a basis in the joint Hilbert space Ha <8) Hb 18|. 



From the explicit decomposition Q we can see that the divergence operator ^ is strictly positive: 

1>Cab> (7) 

Symmetric joint states minimize the difference between two systems, whereas the antisymmetric states maximize it. 
This can be easily understood in the two-dimensional case. Two qubits in the joint antisymmetric singlet Bell state 
exhibit anticorrelations which are exactly opposite to correlations. Therefore two subsystems in the overall singlet 
joint state look maximally different with respect to the identical measurements. To minimize this difference, systems 
must be in a symmetric joint state. As far as the basis of the symmetric subspace of the joint Hilbert space Ha ® Hb 
can be composed of any symmetric states (not necessarily maximally entangled), all joint symmetric states have the 
same minimum mean value of divergence. A particular case of symmetric states is a product state composed of two 
identical states |<p)^ W) b- nonzero value of divergence, two systems although in the same identical state 
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are not identical with respect to the measurement results. One can say, that any two quantum systems are always 
different, even though they are in the same quantum state. 

Let us note, that the quantum uniqueness can be interpreted in two ways. One can say that it is a limitation 
imposed by quantum measurements, namely the impossibility of controlling their particular outcome at a given time. 
We would like to mention, however, that the uniqueness issue is not restricted to the isolated measurement process 
itself. Any arbitrary dynamics of the system can be described as a process of transformations possibly involving other 
physical systems, but finally one needs to see the classical results, i.e. to measure the final state of the system. In all 
the situations where this measurement involves a non orthogonal set of states, explicitly or implicitly, the uniqueness 
issue applies. Thus it should not be regarded as an imperfection or a limitation of quantum measurements, but must 
be considered as the essential distinctive property of the quantum world, similarly to "no-cloning" . 

Quantum uniqueness demonstrates an intrinsic difference between any two quantum systems, which gives rise to 
a number of interesting applications. We note one of them — the generation of objectively true random numbers. 
There are many definitions of randomness, each of them highlighting a particular aspect of this complex notion. We 
call a system as objectively random if there is no other system that would perfectly predict or reproduce its objective 
properties, e.g. the measurement results of the system. In other words, the perfect copy of objectively random system 
does not physically exist. Indeed, if one had a perfect copy of the system, then by looking at the copy one could 
predict the behavior of the system, particularly the result of a measurement. To be more specific, let us consider 
a random number generator as a particular system of interest. If one has another system which is a perfect copy, 
then a sequence of numbers at the output of the random number generator may look chaotic and truly random in 
a statistical sense. But in fact it will be perfectly correlated with the other system (its copy), therefore it is not 
objectively random. Otherwise, if there can be no such perfect copy, then the sequence of numbers at the output 
of random number generator is objectively random: it cannot be perfectly predicted by any other system and it is 
asymptotically unique. As a consequence, it lacks any order and is also truly random in a mathematical sense. 

Existence of objective randomness is naturally inspired by quantum uniqueness, but does not immediately follow 
from it. Uniqueness in the above discussed sense does not mean unpredictability of quantum measurements. Let 
us consider, for example, a simple measurement: detection of a linearly H/V polarized photon which can be ei- 
ther reflected or transmitted by a ±45° oriented polarization beam splitter. Appearance of these two alternatives 
(transmission or reflection) is widely believed to be truly random, according to the Copenhagen interpretation of 
quantum mechanics. However, if one prepares an entangled pair of photons in the joint polarization singlet state 
I*-) = {\H) \V) - \V) \H))/V2 and sends this pair to the same polarization beam splitter (or two different beam 
splitters with identical orientation), then the measurement outcomes become strictly correlated. The probability 
of an event when both photons are either reflected or transmitted (let us denote it as |a;)) is zero: Pab{x,x) = 
Tr[{\x)^{x\^(g>\x)s{x\s)\^-)AB{'i'-\AB] = mx)A\x)B{^-\ABi{x\H)A{x\V)s-{x\V)A{x\H)s)]/V2 = 0. 
Hence one photon will be reflected, and another one will be transmitted. Thus the measurement result of the 
first photon, being truly random, can be used to predict another truly random result of the same measurement of 
the second photon. Here we can see a clear difference between true randomness, which mostly refers to absence of 
any reason for a given outcome, and objective randomness, which means principal physical unpredictability of the 
outcome and therefore its uniqueness. 

Intrinsic true randomness of quantum measurements has been widely studied since the famous discussion between 
Einstein and Bohr [1,, 2\ . Despite the rather abstract character of this area, it has one particularly useful and natural 
application — generation of true random numbers. The problem of potential predictability of random number 
generators based on quantum measurements was pointed out recently In our terms, objective randomness 

implies true randomness, but not vice versa. In certain applications (e.g. quantum key distribution), predictab ility 
of random numbers can be a serious issue. To avoid the problem, it was suggested to u se p ure quantum states [19j , 
to make non orthogonal measurements in three- and higher-dimensional Hilbert spaces [20j or to rely on violation of 
Bell's inequality [21 1. 

In our approach, to get unpredictable (i.e. objectively random) measurement outcomes one has to compare the two 
most correlated measurements instead of two identical measurements in the operator ^ which leads to the modified 
operator 

CAB^\<j> (Ea{^) ^Ib-U^Eb ifpm) ' di^, (8) 
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where fp{(f>) is a function which depends on pab and the state in order to minimize the mean value of (|8]). For 
maximally entangled states one can always find such a function that the mean value of ([8]) is equal to zero. For 
example, in the simplest case of antisymmetric singlet Bell state the function f{(f>) is just inversion {f{(j)) = 4>), as we 
have seen above. On the other hand, for joint product states pab — Pa® Pb any two local quantum measurements 
are always uncorrelated because the joint probability is in a product form: 

Pab{^, /(^)) - Tr[(^^(^) ® EBiJi^mpA ® pb)] = Tr[^^(^)p^]Tr[^B(/(¥'))ps] - (9) 

Here we can notice that a joint state of one pure partial state and any other partial state is always in a product 
form, thus it cannot be entangled. Moreover, the measurement results of a pure state are completely uncorrelated 
to the measurement results of any other system, therefore they are objectively unpredictable. Here we conclude that 
by measuring a pure state one can guarantee objective randomness of the measurement outcomes. We don't need to 
specify a particular kind of measurement. In principle, any type is suitable under the assumption that the measured 
state is pure. In practice, it is convenient to combine randomness generation with purity check by non orthogonal 
measurement. It is interesting to note, that at this point we come to almost the same conclusion as in [IQ]. 

To summarize, we have pointed out a special property of quantum states — the uniqueness of quantum systems 
with respect to their possible measurement outcomes. The formal description of uniqueness is done by calculating the 
divergence operator ([2|). Its explicit decomposition (|6|) shows that any two systems cannot deliver universally identical 
measurement results, involving all possible outcomes, or all states of the given Hilbert space. We also conjecture, 
that the observed phenomenon is valid with respect to any non orthogonal measurement, not necessarily the isotropic 
continuous one. Finally, we have found a tight connection of quantum uniqueness with objective randomness of 
quantum measurements and revealed a simple way for generation of objective randomness by measuring a pure 
quantum state. 
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